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1. INTRODUCTION 
To investigate the topological structure of Hopf bifurcations in a 
periodically time-dependent system, one usually makes use of its normal form 
which can be reduced into two-dimensional space by using center manifold 
method [ 1,2]. The truncated normal form is usually time-independent and 
the vector field induced by such normal form is invariant with respect to 
some group of symmetry. It is well known that the nondegenerate bifurca- 
tions of phase portraits with the symmetry of order other than 4 have been 
well investigated. [3,4]. But the obtained results about the bifurcations in 
the case of order 4 are still partial and far from complete, 
i=p,z+p, lz12z-53, (1.1) 
where z is a complex variable and pO, p, are complex parameters. The 
reason that such a bifurcation problem is very difficult to solve is that it 
cannot be transformed into the problem of Hopf bifurcations, Poincare 
bifurcations, or homoclinic bifurcations in some planary autonomous 
system by resealing, such a technique has been successfully applied to 
observe many bifurcation phenomena in a tremendous amount of literature 
[S, 61. It seems that the only way to solve this problem is the qualitative 
analysis on the portraits, in this regard, we cannot take advantage of the 
systematic results as we can in the study of quadratic systems, to which a 
lot of works have contributed, for example, see [7]. Furthermore, in order 
to apply any obtained results to study the corresponding Hopf bifurcations 
in nonautonomous systems, we should make sure that the characteristic 
exponent (CE) of limit cycles is nonzero and the singular points are non- 
degenerate [11. 
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For convenience, we rewrite Eq. (1.1) in polar coordinates, 
f = aOr + (aI + cos 4~) r3, 
+=o+(p-sin4q)r2, 
where all the parameters concerned are real numbers. Since the above 
equation is invariant with respect o the rotation cp + cp + n/2, by resealing 
r --f r2 , cp --f 4~, t + 2t, we only need to study the equation 
i 
f = a0r + (a1 + cos p) r2, 
(2 = 2(w + (a - sin cp) r), (1.2) 
and without loss of generality, we can always assume a1 < 0. 
We define two sets, 
C,= {(r, cp)Ia,+(a, +coscp)r=O, r>O}, 
C,=((r,cp)lo+(p-sincp)r=O, r>O}. 
Clearly, we have i = 0 in C, and 3 = 0 in C,. Note these two sets may be 
empty, depending on the choices of the parameters. Nevertheless, if non- 
empty, they are two curves. The nonzero singular points are nothing else 
but the intersection C, n C,. If C, meets C, transversally, the corre- 
sponding singular points are nondegenerate, otherwise they would be 
degenerate. 
By the research in [3], the main difficulties are represented by the case 
when 1 Re(p, )J < 1, Ipi 1 > 1. The results presented there are valid for very 
restricted choices of the parameters o that the perturbation methods can 
be applied. In the below sections, we will abandon such restrictions on the 
parameters and study Eq. (1.2) in the three parameter egions one by one: 
(i) d>O, MI > 1; 
(ii) IBI < 1; 
(iii) w/?<O, ]/?I > 1. 
The union of these three regions is exactly the parameter egion mentioned 
above. It is easy to show that any solutions of Eq. (1.2) are bounded in 
these regions. We will show that if there is no nonzero singular point 
and the origin is unstable then generically there exists a unique orbit 
surrounding the origin, and we will also show that in the regions (i), (ii) 
no other limit cycles are present. For the remaining region we will prove 
that if the limit cycles not surrounding the origin exist then they must be 
contained inside the limit cycle surrounding the origin. 
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2. THE QUALITATIVE DESCRIPTION OF CLOSED ORBITS OF E~.(1.2) 
The results in this section are preliminary. 
LEMMA 2.1. On any closed orbit of Eq. (1.2) encircling the origin, $(t) 
always takes a nonzero value, so that such a curve can be parametrized by 
cp, i.e., we have r(t) = r(cp(t)). 
Proof What we need to do is to prove that such a curve avoids 
meeting C,. 
First we assume o ~0. If r(t) meets C, at some point (rO, cpO), then 
r(r,, cpO) # 0. So we have the following relation 
@=2(P-sincp)(a,r+(cc,+coscp)r2)-4coscp@r 
= -2w(a,r+(cr,+coscp)r2)#0, 
which shows that q(t) takes an extreme value at this point. Noting that ; 
takes a nonzero value at this point, we see that r takes two values near r0 
for cp<cpo (cp>cpo) near vo, while r takes no value near r. for cp > ‘p. 
(cp < cpo, respectively). It follows that there must be a line cp = cp* which 
intersects the closed orbit at three or more points and the signs + takes at 
any two adjacent points are opposite. Clearly, it is in contradiction with 
the fact that + is monotone in r. If o = 0, C, consists of finite straight lines 
through the origin and is an invariant set with respect to the flow 
generated by Eq. (1.2). If r meets C,, r lies in C, entirely, which is absurd. 
LEMMA 2.2. On any closed orbit of Eq. (1.2) encircling the origin point, 
the following inequality holds : 
r(cp) > r(n - cph v’cp E( - lr/2, 7112). 
Proof. By Lemma 2.1, we can assume 4 > 0 on the curve r(q). The 
same argument holds in the case 4 < 0. 
r(cp) takes an extreme value only when it meets C,. Suppose r(cp) meets 
C, at some point (ro, qo), then 
d2r/dq2(r0, CPO) = --r sin cpMro, CPO). 
If r(cp) takes a maximal or minimal value at (ro, qo), then sin ‘p. > 0 or 
~0, respectively, which guarantees that r(cp) attains its maximal value at 
cp, E [0, n] and its minimal value at (p2 E [n, 27~1. 
Introducing the change of variables cp -+ n - cp, t -+ -t, we obtain the 
mirror image equation of Eq. (1.2) with respect o the line cp = f n/2 
f= -(a,r+(a,-coscp)r*), 
4, = 2(0 + (fi - sin cp) r). (2.2) 
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We denote the solutions of (1.2), (2.2) in the interval [ -7r/2,7c/2] by ri(cp) 
and rz((p) if it is possible, and still use r(p) to indicate the solutions of 
Eq. (1.2) in the interval [0,2n]. Clearly, the necessary and sufficient condi- 
tion that there exists a closed orbit of (1.2) encircling the origin is that we 
can find a point (rO, -7c/2) so that they take this point as their initial 
value, r, and r2 will satisfy the relation r,(n/2) = r2(n/2). 
Comparing both right-hand sides of (1.2) and (2.2), if o + 
(/? - sin cp) r > 0, we have 
drl I& -C dr21& if r> -a,/al, (2.3) 
dr,ldv > dr21& if r< -so/a,. (2.4) 
If w(r(cp)) < -dam, r(q) reaches its maximum at some cp E [7c/2, rc]; 
consequently, r(q) reaches its minimum at some cp E [x, 3x/2], which 
shows that r(q) is increasing and less than -a&, in the interval 
[-z/2, n/2]. By the inequality (2.4), if rl( -7c/2) = r2( -n/2) = r( -z/2) 
then r,(n/2) < r,(n/2), which is impossible. 
If inf(r(cp)) b -qJa,, r(q) attains its minimum at cp E [ -7r/2,0]. In 
view of the inequality (2.3), if rl( -n/2) = r2( -x/2) = r( -r-r/2), then we 
have r,(n/2) > r,(x/2) which is also impossible. 
Let r,( -7c/2)=rr,( -42)=r( -7c/2), we assert that rl and r2 have the 
following qualitative properties: 
r, (cp) is increasing in the interval [ -z/2, cp, ) and meets the circle 
r = -a,,/aI at cp = cpO < cpl, while it is decreasing in the interval (cpi, z/2]. 
r*(q) is decreasing in the interval [-n/2, --71+ (p2) while increasing in 
the interval (--71+ (p?, z/2]. 
rl(-~/2)=r2(-~/2)6 -a,/a,, 
rl(n/2)=r2(7c/2)> -ada,. 
These facts enable us to believe in the assertion in the lemma. If not, 
rl(cp) meets r*(q) at some point cp*, by inequality (2.4), we have 
q* E [qO, 7r/2) which leads to r2(n/2) > r,(n/2) because rl(cp) > -so/a, for 
q E [q,,, n/2) and the inequality (2.3) holds. By noting r2((p) = r(n - cp), we 
complete the proof. 
3. THE GLOBAL STRUCTURE OF PHASE PORTRAITS OF E~(1.2) 
IN THE CASE OF (i) 
The global structure of the orbits of Eq. (1.2) in this case is very simple. 
We construct a Liapunov function 
V= 2cor + (b-sin cp) r2, 
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its total derivative through Eq. (1.2) is 
dV/dr = 2(w + (p - sin cp) r)(crOr + c(, T’). 
Since o/I > 0, the equipotential curves of V are a family of closed curves 
surrounding the origin. If ~1~ < 0, the limit set of (1.2) consists of only one 
point, the origin, which is stable. If rxO> 0, by Poincare-Bendixson’s 
theorem, there is at least a closed orbit of (1.2) surrounding the origin. To 
obtain the expression of CE of such a curve, we recall a well-known fact. 
Suppose a planary dynamical system is given by 
in polar coordinates. If there is a limit cycle determined by {r = u(t), 
cp = v(t)}, then its CE takes the form 
in which T is the period. Inserting (1.2) into it, we have 
Since {u(t), o(t)} is a periodic solution of Eq. (1.2) we also have 
By Lemma 2.1, we finally obtain 
1 alr(cp) =- 
T 0 + (b - sin q) r(q) 
dv 
- cos(u( t))) u(t) dt. 
- 
where 
r(v) cos cp r(7c - cp) cos cp 
o+(fi-sincP)r(cp)-w+(fl-sincp)r(n-V) (3.2) 
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In view of Lemma 2.2, the following inequality can be derived 
1 27% A<- s 
v-W 4 
T o w+(B-sincP)r(cp) 
<o 
if we note that w > 0, cos cp > 0 for cp E ( - 742,7r/2) and 
which implies that the closed orbit is unique because there is no nonzero 
singular point, which also guarantees there is no closed orbit not encircling 
the origin. 
4. THE GLOBAL STRUCTURE OF THE PHASE PORTRAITS IN CASE (ii) 
Because of I/? 6 1, C, has asymptotes cp = sin ~ ’ /I and cp = rz - sin -’ p 
consequently, on the closed orbit surrounding the origin, the sign of @ is 
the same as that of w for such a curve which cannot meet C,. 
Suppose there is a closed orbit r(q) surrounding the origin, its CE is 
given by formula (3.1). By analysis similar to that given in the last section 
and by noting that sgn(@) = sgn(o) we have 
i ,wW 
5 
2n alr(cp) 4 
T 0 u+(P-sincP)r(cp)’ 
So the uniqueness of the closed orbit surrounding the origin can be 
deduced if we take into account the last inequality as wll as the conditions 
that nonzero singular points must belong to C, and so they canot stay in 
an annular region bounded by two such closed orbits. Therefore, if C, does 
not meet C,, ~1~ > 0, the limit set is composed of an unstable fixed point, 
the origin, and a stable limit cycle. 
Now we investigate the possibility that there exist closed orbits not sur- 
rounding the origin. As the first step, we need to find some of their features. 
Clearly, the prerequisite that such orbits exist is that there exist nonzero 
singular points. By the discussion above we know there are at most a 
saddle and a node or focus, so in the region bounded by such a curve 
only one node or focus exists. The monotonicity of @ with respect to r 
guarantees that such a curve meets any line cp =const. at at most two 
points so that it can be represented by two uniquely valued functions r,(q) 
and r*(q) whose definition region is certainly contained in that of C, with 
respect to cp. 
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Supposing the vector field introduced by the right-hand side of Eq. (1.2) 
is denoted by Z?(a/&) + r@(8/8~) and defining Dulac function B = r m2, 
which is continuous differentiable in any region not containing the origin, 
we have 
div 
If wp>O, the line cp=coss’ c(i is the asymptote of C, and the line 
cp= -cos - ’ a, does not meet C,. By the discussion above, if there is a 
closed orbit not surrounding the origin, it must avoid meeting the line 
cp=cos - ’ c1i and the line cp = - cos ~ ’ c1i, in view of (4.1), which is absurd. 
So there is no such orbit. 
If o/I < 0, i.e., w < 0, by straight-forward calculation we see that there is 
a nonzero singular point in the first quadrant and the determinant of the 
linearized matrix of Eq. (1.2) at this point is 
det = 2( a0 cos cp - w sin cp) r > 0 
which shows it is a node or focus. Denoting the intersection point of C,. 
with the line cp = sin-’ /I by A and noting that C, is symmetry under the 
action of inversion with respect to x-axis, we can link point A and its 
inverse point A’ with the circular arc centered round the origin which 
meets C, at a point B, shown in the Fig. 1. On the ray m @ < 0 while on 
the ray a, where r > d(0, B), + > 0, and on the arc A?, i > 0 so if there 
is a closed orbit not surrounding the origin, it must be situated in the 
FIGURE 1. 
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region of sector bounded by the rays m and m which falls into 
contradiction with formula (4.1) since CI, - cos cp is definitely negative in 
this region. By the way, we see that the node or focus is always a sink in 
this case. 
Summarizing the above discussion, we obtain the topological structure 
of the phase portraits 
(a) There is at most a closed orbit, which encircles the origin. If it 
exists, its CE must be negative. 
(b) If there is no nonzero singular point, the limit set consists of a 
sink or a source and a limit cycle with negative CE. 
(c) There is no closed orbit not surrounding the origin. But the non- 
zero singular points can coexist with a limit cycle. In the generic case, they 
are a saddle and a node or focus. 
5. THE GLOBAL STRUCTURE OF PHASE PORTRAITS IN CASE (iii) 
The most complicated global structure of phase portraits occurs in this 
case. But we still have 
PROPOSITION 5.1. Under the condition that there is no nonzero singular 
point, if the origin is a source, a unique limit cycle with negative CE exists, 
otherwise the origin is a sink. 
Proof: When ct,, < 0, the origin is stable and there cannot be closed 
orbits if we note the proof of Lemma 2.2. 
When a0 > 0, in view of Poincare-Bendixson’s theorem we know there is 
at least a closed orbit r = r(cp). By Y. H. Wan’s calculation [8], the CE of 
r(cp) also takes the form 
1 T A=- - 
s To 
2r(cpN4al +cos c~)-a,(B-sin cp)) dt 
w+(P-sincP)r(cp) 
The facts that C, does not meet C, and C, is a closed curve surrounding 
the origin guarantee 
o(a, + cos cp) - ao(j - sin cp) > 0, 
So I is negative. 
vcp E [O, 2711. 
PROPOSITION 5.2. If there are nonzero singular points staying outside of 
a closed orbit encircling the origin, its CE is negative and any closed orbit not 
surrounding the origin cannot exist, 
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Proof. Since the nonzero singular points lie outside the closed curve, we 
have sgn(&) = 1 on the curve. Similar to the proof given in Case (ii), 
we find the CE of the curve is negative. Based on the analysis of this 
closed orbit in Section 2, we know in this case - a,/~, < --w/(/I - 1) and 
the circle r = --aO/orl is contained in C,. If there is a closed orbit not 
surrounding the origin, @ takes a negative value on such a curve, where 
r < -aJa,. Suppose it meets the circle r = -a,/2a, first at a point A - - 
and finally at a point B in an anticlockwise direction, the rays OA and UB 
intersect the circle r = -a,/a, at A’ and B’, respectively, A’ and B’ must 
stay inside of the closed orbit. As shown in Fig. 2, the shadowed region 
-- 
bounded by the circle arc A%, line segments AA’, BB’ and a segment of 
the closed curve A%, denoted by ‘S, is certainly contained in the region S, 
bounded by the closed curve. 
Introducing Dulac’s function B = r-‘, we have 
BR f + rB@ 6 dQ = [ (a0 + 2a, r) dQ 
SI 
< (a,+2a,r)dQ 
s s 
VP2 
s s 
-~o/~l 
< (a0+2a,r)rdrdq 
‘PI 0 
FIGURE 2 
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where cpr and (p2 are the amplitude angles of OA and m, respectively. This 
shows the absurdity of the existence. 
Open problems. The global structure of phase portraits is still unknown 
when nonzero singular points are situated inside of a closed orbit 
surrounding the origin. Some examples have been put forward to show the 
uniqueness of this kind of closed curve and the existence of a closed orbit 
not surrounding the origin [3]. 
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